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Maxwell equations in time domain

rot H=0E+]° div(cE+]J°) =0
d
ratE—i—E(p’H):ﬂ div uH = 0

Statement in EM potentials A and U with special gauge condition

uH =rot A divgA =0
04
E = 9t + VU
d 1
div aVU = div J* [ﬁ (0A) +rot I rot A= —oVU + J*
divocA=10

Interface conditions
1
[n x 4]y =0, [ﬂ X Emt A] =0, [cA-n];=0,
r
[U]]" = D, [J?U ' 'ﬂ.]]" = 0.



The main computational difficulties

e Kernel of rot i rot (-) operator

e Singularity of the solution near the source of the electromagnetic field

e (Conditions on the external boundaries



Kemel of rot i rot () operator

«Redundant» condition

d d 1
—[div gd] = div [— (gd) + rot — rot A] = div[—aVU + J°]1 =0
dt ot 1]

div A = div cA|;—; =0

Simple statement (S)

d 1
—(gA)+rot —rot A=F
dt U

Al = Ay

Rough analysis
A—A,=Vp and F—-F; =0

d d 1 d 1
a(ﬂ?gﬂ) = [ﬁ (cA) + rot E rot A] — [E (cA;) + rot .I—l rot Ah] =F—F,=20

Error is time-independent
Ve = aVelio
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Findings

Choice of numerical method for solving a simple statement (S) does
not solve the “problem of the kernel”

The simple statement (S) suits only for solutions at early times

Gauge condition (constraint) is essential and should be included in the
statement of the problem



Saddle point problem

ad 1
E[crﬁl) + rot p rotA—aVp =F
divgA =0

Sobolev spaces
V=Hy(rot;Q1)={veL;(Q1): rotvEL;(N), nXv|zga=0}

Q =Hg() ={q € L(Q): VqeLy(Q), qlagn =0}

Statement with Lagranee multiplier (L)

+Au+B"p=F

Bu=20
Ulieg = uy  (div oug = 0)

dt

d(Mu)
Find wuelL,(0,T;V) peL,(0,T;Q) {

Where

1
A:L,(0,T;V) — L,(0, T; V") (Au,v) = f —rotu-rotvdll VveV
ol

B:L,(0,T;V) - L,(0,T;Q")  (Bu,q) = —fcm Vgd0 VqeQ
0

M:L,(0,T;V) = L,(0,T; V') (Mu,v) = f ou-vdll VYveV
0



Regularized problem

(U, V) g ot = f (rotu-rotv+ou-v)dl VuveV
0

Then
V=KerA& KerB

Repgularized problem (R)

d(Mu) p c
Find wu€ L,(0,T;V) dt pU =
Ul = ug

Where
1
Ag:L,(0,T; V) — L,(0,T; V') (Agu,v) = (Au,v) + E{Bu, ClBv) VvevV

G:L.,(0,T;V) =R (G,v) = (F,v) —(Bv,C divF) VYveEV

And

C:L,(0,T;Q) > L,(0,T;Q")  (Cp,q) = f oVp-VgdQ Vqe€Q
0n

Essential property
B =0 divou=10



Finite element spaces

Finite element problem (RF)

Let

u? =

Fiite element problem

VpcV Qpcd

u, for j=12,..,N

find w/*ttev,
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Q=1[01]3

Example in statement (RF)

o= 100

p=4m-1077

He-lH 3e-00 00013 0.5
™ T ™ T

Ze-11
T

Se-14
T

|
001

"
100

Luud
10000

Ll
le+06

Ll
le+08

0.96

08

04

048

032

016

0

1
036

1
048

u

sinmy - Sinnz

sinmx - sinmzy (t + 1)1

SIinmx - sinmwy

10-10 X ﬂi ’ & '!l/nv,l' Aravn

W

~

10—12

10"

10™¢

107°

10

104

10° 10°

10*

10°

10°

101U

0.1 0.15 0.2 025 0.3
T

0.05
T

1
0.84

1
0.96




Singularity of the solution near the source J°

Electric line
A=(0,0,z,,B=(00,zg)

JF=1(0,0]), J.=I1(n(z—2z)—n(z—-2z)8x) K
div]$ =1(8(z—z5) —6(z—25))§(x) §(¥) =18(r—A) —15(r — B)

Inhomogeneous constraint

d 1
9 1 L s
div oVU = div J* 5 (0A) +rot L TotA=—oVU +]

divcA = g
Additive representation

A=AP+4° U=UP+U°



Primary potential UP in neighborhood Byz(d) Cc Q, d K 1

X

g o
Primary problem
B4(d) © Bug(d) Bg(d) = Byg(d)
[dEU U?UﬂaEA(d} =1 5(7‘ — A) [d“f HvUPIHBE{d} = —] ﬁ(r - B)
UPlap 4(a) = 0 UP|apg(a) = 0

Fundamental solution

0P layi0) = o (- 3) 0P Mayia) = g (- )

dma \r d



Primary potential AP in neighborhood B,z(d) C Q, d K 1

Primarv problem

K nx Aplﬂﬂnsfd} =0

1
rot—rot A¥ = —aVU? + J°
div cA? = g

Biot-Savart law

Py _ i( —agVUP(§)dE —oVUP(¥)d¥ EF{{)@{) -
A 4m fﬂﬁ(d} Ir — ¢l ! Bg(a) 1T — ¢l " a4 Ir—& fas()
= AR(r) + AR () + A () — fap ()
Definition

g = div gAP



Primary potential AP in neighborhood Byz(d) € Q, d K 1

Let
A=(00,-0 B = (0,0,
Then
! d
A@) = (45),0,0) A =4 (141m°)
! d
) = (45(1,0,0) () = (1 +m7)

ul (z+f+v’r3+(z+£]2)

Ap(r) = (U' U,Aﬁ[r)) A0 = g ln z—1+r2+ (z-1)2

rul ( z+1l+d

—1

G V@ - aal
wl  [z+1+/d2+ (z+1)?

fas(r) = (0,0, £2(), £ = E?n(z—z+Jd2+(z—zp) ze =01

ul (z+i+vd2+4zi

Ll
L dn Z—1+d

) z€[-l1—d —IL

) z € 1,1+ d].



Anomalous potential A in ()

/

aVUP - nglap,a) = — and?

Anomalous scalar problem

div eVU* =0
oVU® - nglag,gza) = OVUP - nalap,poa

Anomalous vector problem

d 1
— (o A®) + rot — rot A* = —gVU*"
dt Il

divagd® =10




Case with a complex source

AP‘

A1

(r) = =Ag (1)

UP = Z uf, AP = Zﬂf.
L

{




Numerical experiments

N=25600m x 25600m X 19000m p=1om-m |AB|=500m I;=14
Table 1. Meshes
Name h, m Nedges Niodes error, %
Big 125 705 908 116 045 17
Bigt+ 62,5 1 009 552 160 569 3
Big++ 31.25 1221 836 191 301 1
Table 2. Errors (d = 0.01 m = 10.0m)
Time, s | Analytical Big Big+ Big++
solution
3.,55E-06 | 1,61E-06 | 1.33E-06 -17% 1.57E-06 -3% 1.60E-06 -1%
2,82E-05 | 1,61E-06 | 1,34E-06 -17% 1,57E-06 -3% 1,60E-06 -1%
2.82E-04 | 1.61E-06 | 1.39E-06 -14% 1.57E-06 -2% 1.60E-06 -1%
2.24E-03 | 1,61E-06 | 1.48E-06 -5% 1.57E-06 -3% 1.60E-06 -1%
1,78E-02 | 1,09E-06 | 1,10E-06 1% 1.10E-06 1% 1.,09E-06 0%
1.41E-01 | 1,64E-07 | 1,63E-07 -1% 1.63E-07 -1% 1.,63E-07 -1%




Conclusion

e Conditions on the external boundaries
Current solution

diam Q > (50 + 100) X diam (supp J°)
Promising solution

Use of elements with suitable conditions at infinity (Infinite
elements)
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