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Peaceman - Rachford Method

Solving evolution problems

“Explict” ADI variational process
“Semi-explicit” rational Krylov subspaces
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Numerical examples



Au=f, AecRVN u feRV,

A=A+ Az, AlA = AA;,

(Av,v) > y(v,v), »>0, I=12,

Q" ={x=x=ih, y=yj=jh, i=1,.. N j=1,.. Np},
uk =uij, k=", k=0U—-1)No+j, k=1,..., NNy,

A, = block-diag{A,}, A, €¢ R":M

(Arw)ij = h?(—ujmvj + 2uij — Uigay),

{uij} =UeRM™™ {f;}=FeRrM"



UA, + AU =F, A, cRMMN

(/z\zu)i,j = h;z(_ui,j—l + 2u;j — Ujjy1),

Iy, @ AL+ (A)" @ Iy, = f,

UV =y 4 an(F — AvaY? — A,

U = Y2 g A Y2,

U™ = u" (o 4 Ba) (I + BaA2) (4 ALY (F — Au™),
B,(u"t —u")=r"=f — Au",

B, = (an + Bn)” ( + anAr)( + BrA2)



L AB,,_lr” = T,r",
T,=1—AB'=(B,—A)B;' =

= (I = BaA) (I — anA2)(I + anA) (] + BoA2) 7L,
T,=TMTR,

TW = (1 = ByAD (] + anAy
TR = (I — anA) (] + BaAs

=T, T, Tor® = 7_,,r0,

= =15 = I

T,=TOTR, TO=T[ 1", 1=12
k=0
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f = A7,
0

/u(t)d t=—Ale "
0

~n

=FF, FeR™™ FeR™: m< min(N, N),

h=eMfr) yet

i=1

m;
~ v —tAsn~
url=e "o~ g Yij exp (—tni,j)
j=1



Qp = Bn :
T = (I — anA) (I + nA) 7, 1 =12

L TRTM 0 Z T
TN <1, T=1,2, |r" 2 < (|71,
le,rj?(ro, Ay) = span(ro, 7—1(1)r0’ oy TP,

Y

T(l I)Q = | — oAy,

B — (1 + apAy) 7Y, PO = HPk”,
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ICE,TI’ (r°, A;) = span(r®, A r°, ..., ATr°),
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Fni1s n+1)1/2 < 51||f0H2, g <L 1,



rP=f—AdL, v =u"+a,p", n=0,1,...,

?r(r}I—)l = — G,A1p" = r® — GoAp® — ... — @AD",

(ALp*, Ap") = pubicn, o= (Ap", A1p"),



1754113 = Zak[z ,A1p*) — A (Arp*, Alph)],

Al
o173 113

= 07 é\ék = (r07A1pk)/pk7 Pk = (Alpk7A1pk)7
8ak

n
pO = r07 pn+1 = ?r(r}l—)l + ZBn,kPk7 n= 07 17
k=0

Bk = —(Arp*, AP i,
(A rr(rlv ry )/1010
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Modified Gram-Schmidt:

Bn,k: —(Alpk’A]_rnyk)/pk’ k:o71"”7n7

nk __ _nk—1 o) k—1
ret=r + Bok—1p" 7,

rn,n — pn—l—l, rn,O — ?r(:f—)h

o rn,k )

%:O, I:O,...,k—l,
n,i

in exact arithmetics:

an,k = Bn,ku n= N17 ?r(yl) = 07
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A; has m < N; different o :

PI(\111)()‘) - H()‘k — )™/ H AR, Z mg = Ny,
k=0 k=0 k=0
Ni/2 Ni/2

L) = [T lme =2 = 631/ [T (m2 = 0). 6k = me — e,

= (M + Av21-4)/2  if Ny is even;

Nl/z 1
Py = (g =) JT llme =27 =471/
Ny/2—-1
/e ] (m2 =), if N, is odd,
2 k=0

s =0 [Ir il < ellr”]fp, =<1,



PM(t) =1, P, (t) = PO(t) — a.RMt,
1 1
RM(t) =1, R (t) =P, +ZﬁnkR£1,

ﬁno—ﬂn—o— /Un 1 1)_(A1A(1) A( ))a

prt =" Bp”, Arp™ = Art 4 B A"
Py = Ry =1, Pi(t) = P{(e) — antRY,
Rr(li-)l(t) = F)r(l}l—)l(t) + BAnRr(rl)(t)7 n= 07 17 sy
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scaling: DADDtu = Df = IA(,
Ad ? A= DAD = {3, a,,—l} o=D"y,
prt = QM r™t 4 Bp”, A"t = AQW ™ 4 B,ALp",

T = (1= BaA)(/ + aA) ™ = 1 = (a+ Ba) Ay,
Al = Al(/ + aAl)_la

TO = (1 = af)(l + fuhe) = | — (0 + o), Ay =
= A2(l + BnA2)_17
PO = 0,0
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TO=T17T", 1=1,2, Bi=m—a
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(Au)ij = e(l)ui,j —auj_1j — CU1j,
(A2u)i,j = 6(2) ujj — b ujij—1— d Ujjt1,

I = 1, ceey Nl; _] = ]., ey Nz,

a=e Ph2/p2 c=eP/2/p2 ) — 54 ¢

b=e /2 d=e™?/h e =b+d.
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= {a;; = 3-diag{—a, e
A
 =DA, D= dlag{d} A =

d=1, d
, I:d—l —= i-1
iy =7"", y=c/a, i=1,.

A ={a,=a,"}
A = |
1 DAl, D = dlag{d,}
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N\ g 0 1 2 4 16
11 16 16 16 16
31
8.69-107° | 159-107°|1.67-107°|1.81-1079|2.18-10°
17 25 25 25 25
63
3.67-10710 | 4.11-107° [ 422-1079 | 4.41-10°° | 4.40-10°°
25 38 38 38 39
127
9.04-107° | 2.47-107% | 250-10"% | 256-10% | 9.75-107°

Table 1. The numbers of iteration and error for ADI
method with polinomial Krylovs subspaces (14)
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N\ q 8 12 16 20 24 28
11(12) | 10(17) 9(18) 9(18) 8(16) 8(16)
31 1.8-10%|11-10%|41-10°| 73-10% | 1.4-1077 |1.6-107"
14(22) | 13(23) | 12(24) 11(22) 11(22) 10(20)
1.3-10%|13.-10%|15-10°| 75-107® | 1.8-1077 | 3.1-10°°
16(17) | 14(24) | 13(24) 9(18) 12(24) 11(22)
63 |21-107|72-10°|1.4-108| 73-10% | 24-10°% |52-10°°
24(43) | 20(36) | 19(32) 11(22) 16(32) 15(30)
27-10°121-10°|1.0-10°%| 75-10"% | 1.3-10~ | 3.4-1077
26(49) | 23(51) | 21(42) 19(38) 18(36) 17(34)
127 | 9.0-10%(26-107°|26-1072| 1.1-1072 | 3.7-1072 | 4.2-1072
41(82) | 35(70) | 31(59) 29(54) 27(50) 25(47)
0.13 81-10*]9.8-10°|7.2-1071°|6.9-1071°|3.0-107°
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Table 2. The results for ADI method (27)
with “explicit” rational Krylov subspaces




