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Au = f , A ∈ RN,N , u, f ∈ RN ,A = A1 + A2, A1A2 = A2A1,
(Alv , v) ≥ γl(v , v), γl > 0, l = 1, 2,
Ωh = {x = xi = ihx , y = yj = jhy , i = 1, ...,N1; j = 1, ...,N2},uk = ui ,j , fk = fi ,j, k = (i − 1)N2 + j , k = 1, ...,N1N2,A1 = blok-diag{Ā1}, Ā1 ∈ RN1,N1,
(A1u)i ,j = h−2x (−ui−1,j + 2ui ,j − ui+1,j),
{ui ,j} = U ∈ RN1,N2, {fi ,j} = F ∈ RN1,N2
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UĀ1 + Ā2U = F , Ā2 ∈ RN2,N2,
(Ā2u)i ,j = h−2y (−ui ,j−1 + 2ui ,j − ui ,j+1),IN1 ⊗ Ā1 + (Ā2)T ⊗ IN2 = f ,un+1/2 = un + αn(f − A1un+1/2 − A2un),un+1 = un+1/2 + βn(f − A1un+1/2 − A2un+1),un+1 = un + (αn + βn)(I + βnA2)−1(I + αnA−11 )(f − Aun),Bn(un+1 − un) = r n ≡ f − Aun,Bn = (αn + βn)−1(I + αnA1)(I + βnA2)
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r n+1 = r n − AB−1n r n = Tnr n,Tn = I − AB−1n = (Bn − A)B−1n =

= (I − βnA1)(I − αnA2)(I + αnA1)−1(I + βnA2)−1,Tn = T (1)n T (2)n ,T (1)n = (I − βnA1)(I + αnA1)−1,T (2)n = (I − αnA2)(I + βnA2)−1,r n+1 = TnTn−1 · · ·T0 r 0 = T̄nr 0,T̄n = T̄ (1)n T̄ (2)n , T̄ (l)n =

n
∏k=0T (l)k , l = 1, 25



Au(t) + d ud t = 0, u(0) = f ,u(t) = e−tAf ,
∞
∫0 u(t)d t = −A−1e−tA∣∣

∣

∞0 · f = A−1f ,F = F̂ F̌ , F̂ ∈ RN1,m, F̌ ∈ Rm,N2, m < min(N1,N2),û = e−tA1 f ≈

m0
∑i=1 yie−tθi ,u ≈ ǔ = e−tA2 û ≈

mi
∑j=1 yi ,j exp (−tηi ,j)6



αn = βn :T (l)n = (I − αnAl)(I + αnAl)−1, l = 1, 2,r n+1 = T̄ (2)n T̄ (1)n r 0 ≡ T̄ (2)n r̄ n1 ,
||T (l)n ||2 < 1, l = 1, 2, |r n+1||2 < ||r̄ n1 ||,
K

(rat)n+1 (r 0,A1) = span(r 0, T̄ (1)1 r 0, ..., T̄ (1)n r 0),T (1)k = P(1)k Q(1)k , P(1)k = I − αkA1,Q(1)k = (I + αkA1)−1, P̄(1)n =
n
∏k=0P(1)k ,
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Q̄(1)n =

n
∏k=0Q(1)k ,r n+1 = T̄ (2)n Q̄(1)n P̄(1)n r 0 ≡ T̄ (2)n Q̄(1)n r̂ (1)n , r̂ (1)n = P̄(1)n r 0,

||Q̄(1)n ||2 < 1, ||r n+1||2 < ||r̂ (1)n+1||2,r̂ (1)n+1 = P̄(1)n+1r 0 = (I − αnA1) · · · (I − α0A1)r 0,
K

(pol)n+1 (r 0,A1) = span(r 0,A1r 0, ...,An1r 0),
||r̂ (1)n ||2 = (r̂ (1)n+1, r̂ (1)n+1)1/2 ≤ ε1||r 0||2, ε1 ≪ 1,
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r 0 = f − Au0, un+1 = un + α̂npn, n = 0, 1, ...,r̂ (1)n+1 = r̂ (1)n − α̂nA1pn = r 0 − α̂0A1p0 − ...− α̂nA1pn,
(A1pk ,A1pn) = ρnδk,n, ρn = (A1pn,A1pn),
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||r̂ (1)n+1||22 = (r 0, r 0)− n
∑k=0 α̂k [2(r 0,A1pk)− α̂k(A1pk ,A1pk)],

∂||r̂ (1)n+1||22
∂α̂k = 0, α̂k = (r 0,A1pk)/ρk , ρk = (A1pk ,A1pk),p0 = r 0, pn+1 = r̂ (1)n+1 + n

∑k=0 β̂n,kpk , n = 0, 1, ...
β̂n,k = −(A1pk ,A1r̂ (1)n+1)/ρk ,
α̂n = (A1 r̂ (1)n , r̂ (1)n )/ρk , 10



Modi�ed Gram�Shmidt:
β̌n,k = −(A1pk ,A1r n,k)/ρk , k = 0, 1, ..., n,r n,k = r n,k−1 + β̌n,k−1pk−1,r n,n = pn+1, r n,0 = r̂ (1)n+1,
∂||r n,k ||2
∂β̌n,i = 0, i = 0, ..., k − 1,in exat arithmetis:
β̌n,k = β̂n,k , n = N1, r̂ (1)n = 0,11



A1 has m < N1 di�erent αk :P̄(1)N1 (λ) = m
∏k=0(λk − λ)mk/ m

∏k=0 λmkk ,
m
∑k=0 mk = N1,P(1)N1 (λ) = N1/2

∏k=1 [(m − λ)2 − δ2k ]/ N1/2
∏k=1 (m2 − δ2k), δk = m − λk ,m = (λk + λN1+1−k)/2 if N1 is even;P(1)N1(λ) = (λ N̄12 − λ)

N̄1/2−1
∏k=0 [(m − λ)2 − δ2k ]/

/[λ N̄12 N̄1/2−1
∏k=0 (m2 − δ2k)], if N1 is odd,r̂ (1)N̄1/2 = 0, ||r n+1||2 ≤ ε||r 0||2, ε ≪ 1,12



P̄(1)0 (t) = 1, P̄(1)n+1(t) = P̄(1)n (t)− α̂nR(1)n t,R(1)0 (t) = 1, R(1)n+1(t) = P̄(1)n+1(t) + n
∑k=0 β̂n,kR(1)k ,

β̂n,0 = β̂n = σ(1)n /σ
(1)n−1, σ(1)n = (A1 r̂ (1)n , r̂ (1)n ),pn+1 = r n+1 + β̂npn, A1pn+1 = A1r n+1 + β̂nA1pn,P̄(1)0 = R(1)0 = 1, P̄(1)n+1(t) = P̄(1)n (t)− α̂ntR(1)n ,R(1)n+1(t) = P̄(1)n+1(t) + β̂nR(1)n (t), n = 0, 1, ...,symmetrization:Ãu ≡ DAu = f̃ = Df , Ã1 = DA = ÃT1 ,13



saling: D̃ÃD̃D̃−1u = D̃ f̂ ≡ f̂ ,Âû = f̂ , Â = D̃ÃD̃ = {âi ,j; âi ,i = 1}, û = D̃−1u,pn+1 = Q(1)n r n+1 + βnpn, A1pn+1 = A1Q(1)n r n+1 + βnA1pn,T (1)n = (I − βnA1)(I + αA1)−1 = I − (α + βn)Ã1,Ã1 = A1(I + αA1)−1,T (2)n = (I − αA2)(I + βnA2)−1 = I − (α + βn)Ã2, Ã2 =
= A2(I + βnA2)−1,r n+1 = T̃ (2)n T̃ (1)n r 0 = T̃ (2)n r̃ (1) = T̃ (1)n r 0,T̃ (l)n =

n
∏k=0T (l)n , l = 1, 2, βk = µk − α14



−
∂2u
∂x2 −

∂2u
∂y 2 + p∂u

∂x + q∂u
∂y = f (x , y),

(x , y) ∈ Ω, u|Γ = g(x , y), Γ = Ω̄/Ω,

(A1u)i ,j = e(1)ui ,j − a ui−1,j −  ui+1,j ,
(A2u)i ,j = e(2)ui ,j − b ui ,j−1 − d ui ,j+1,i = 1, ...,N1; j = 1, ...,N2,a = e−phx /2/h2x ,  = ephx /2/h2x , e(1) = a + ,b = e−qhy /2/h2y , d = eqhy /2/h2y , e(2) = b + d .15



A1 = {ai ,j = 3-diag{−a, e(1),−}, ai ,j 6= aj ,i ,Â1 = D A1, D = diag{di}, Â1 = ÃT1 ,d1 = 1, di = di−1γ = γ i−1, γ = /a, i = 1, ...,N1,Â1 = {âi ,j = ai ,jγ i−1},Â1 = D A1, D = diag{di}
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N1 \ q 0 1 2 4 1611 16 16 16 1631 8.69 · 10−9 1.59 · 10−9 1.67 · 10−9 1.81 · 10−9 2.18 · 10−917 25 25 25 2563 3.67 · 10−10 4.11 · 10−9 4.22 · 10−9 4.41 · 10−9 4.40 · 10−925 38 38 38 39127 9.04 · 10−9 2.47 · 10−8 2.50 · 10−8 2.56 · 10−8 9.75 · 10−9Table 1. The numbers of iteration and error for ADImethod with polinomial Krylovs subspaes (14)
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N1 \ q 8 12 16 20 24 2811(12) 10(17) 9(18) 9(18) 8(16) 8(16)31 1.8 · 10−8 1.1 · 10−8 4.1 · 10−9 7.3 · 10−8 1.4 · 10−7 1.6 · 10−714(22) 13(23) 12(24) 11(22) 11(22) 10(20)1.3 · 10−8 1.3 · 10−8 1.5 · 10−9 7.5 · 10−8 1.8 · 10−7 3.1 · 10−616(17) 14(24) 13(24) 9(18) 12(24) 11(22)63 2.1 · 10−7 7.2 · 10−9 1.4 · 10−8 7.3 · 10−8 2.4 · 10−5 5.2 · 10−624(43) 20(36) 19(32) 11(22) 16(32) 15(30)2.7 · 10−9 2.1 · 10−9 1.0 · 10−8 7.5 · 10−8 1.3 · 10−7 3.4 · 10−726(49) 23(51) 21(42) 19(38) 18(36) 17(34)127 9.0 · 10−8 2.6 · 10−9 2.6 · 10−2 1.1 · 10−2 3.7 · 10−2 4.2 · 10−241(82) 35(70) 31(59) 29(54) 27(50) 25(47)0.13 8.1 · 10−4 9.8 · 10−9 7.2 · 10−10 6.9 · 10−10 3.0 · 10−9Table 2. The results for ADI method (27)with �expliit� rational Krylov subspaes18


